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Abstract: In this paper, we introduce the concept of generalized relaxed ®-
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1. INTRODUCTION
Equilibrium problems in the sense of Blum and Oettli [1] has vast ap-
plications in the several branches of pure and applied sciences. The equilibrium
problem includes many mathematical problems as its particular cases, e.g., math-
ematical programming problems, complementary problems, variational inequality
problems, and ¯xed point problems. Inspired by the notion of vector variational
inequality problem introduced and studied by Giannessi [2], Chen and Yang [3],
the equilibrium problem has been extended to vector equilibrium problem. The
vector equilibrium problem contains vector optimization problems, vector vari-
ational inequality problems, and vector complementarity problems as a special
case.
Let Y be a real Banach space and C be a nonempty subset of Y . C is
called a cone if ¸C ½ C, for any ¸ ¸ 0. Further, the cone C is called convex cone
if C + C ½ C. C is pointed cone if C is cone and C \ (¡C) = f0g.
Now, consider C µ Y is a pointed closed convex cone with intC 6= ;,
where intC is the set of interior points of C. Then, C induce a vector ordering in
Y as follows:
x · y , y ¡ x 2 C;
x 
 y , y ¡ x = 2 C;
x < y , y ¡ x 2 intC;
x  y , y ¡ x = 2 intC:
By (Y;C), we denote an ordered space with the ordering of Y de¯ned by set C.
Now, let K µ X be nonempty closed convex subset of a real re°exive
Banach space X and (Y;C) be an ordered Banach space induced by the pointed
closed convex cone C with intC 6= ;. The vector equilibrium problem (for short,
(VEP)) for the bi-function f : K £ K ! Y is to ¯nd x 2 K, such that
f(x;y)  0; 8y 2 K; (1.1)
with f(x;x) = 0;8x 2 K.
In the study of vector equilibrium problems and vector variational inequal-
ities, the generalized monotonicity plays an important role. In recent years, a num-
ber of authors have proposed many important notions of generalized monotonicities
such as monotonicity, pseudomonotonicity, quasimonotonicity, relaxed monotonic-
ity, relaxed ´-® monotonicity, relaxed ´-® pseudomonotonicity, see, [4, 5, 6, 7, 8].
In 2003, Fang and Huang [6] introduced the concept of relaxed ´-® monotonic-
ity and obtained the existence of solutions for the variational-like inequalities in
the re°exive Banach spaces. Very recently, Bai et al. [4] introduced a new con-
cept of relaxed ´-® pseudomonotone mappings and obtained the solutions for the
variational-like inequalities. In 2007, Wu and Huang [8] extended the idea of Bai et
al. [4] for vector variational-like inequality problem. Wu and Huang [8] de¯ned the
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inequality problem in Banach spaces. It is well known that many results of vari-
ational inequality problems can be adapted to equilibrium problems under some
suitable modi¯cations, which is a very fundamental phenomenon in this ¯eld.
Inspired and motivated by [4, 6, 8, 9], in this paper we introduce the con-
cept of generalized relaxed ®-pseudomonotonicity for vector valued bi-functions.
By using the KKM technique, we obtain the existence of solutions for (VEP) with
generalized relaxed ®-pseudomonotone mappings in re°exive Banach spaces.
2. PRELIMINARIES
Throughout the paper, unless otherwise speci¯ed, K is a nonempty closed
convex subset of a re°exive Banach space X and (Y;C) is an ordered Banach
space induced by the pointed closed convex cone C with intC 6= ;. The following
de¯nitions and lemma will be useful in our paper.
De¯nition 2.1. The mapping f : X ! Y is C-convex on X if f(tx+(1 ¡t)y) ·
tf(x) + (1 ¡ t)f(y), for all x; y 2 X, t 2 [0;1].
De¯nition 2.2. A mapping f : K ! Y is said to be completely continuous if for
any sequence fxng 2 K, xn * x0 2 K weakly, then f(xn) ! f(x0).
Lemma 2.1. ([10, 3]) Let (Y;C) be an ordered Banach space induced by the
pointed closed convex cone C with intC 6= ;: Then for any x;y;z 2 Y , the
following holds:
z  x ¸ y implies y  z;
z  x · y implies y  z:
De¯nition 2.3. Let f : K ! 2X be a set-valued mapping. Then f is said to be
KKM mapping if for any ¯nite subset fy1;y2;:::;yng of K we have cofy1;y2;:::;yng ½
n [
i=1
f(yi), where cofy1;y2;:::;yng denotes the convex hull of y1;y2;:::;yn.
Lemma 2.2. [11] Let M be a nonempty subset of a Hausdor® topological vector
space X and let f : M ! 2X be a KKM mapping. If f(y) is closed in X for all
y 2 M and compact for some y 2 M, then
\
y2M
f(y) 6= ;.
3. (VEP) WITH GENERALIZED RELAXED
®-PSEUDOMONOTONICITY
In this section, we de¯ne the de¯nition of generalized relaxed ®-pseudomonotone
mappings to study (VEP).216 N.K. Mahato and C. Nahak / Vector Equilibrium Problems
De¯nition 3.4. A mapping f : K £ K ! Y is said to be generalized relaxed
®-pseudomonotone if there exists a function ® : X £ X ! Y with
lim
t!0
®(ty + (1 ¡ t)x;x)
t
= 0;
such that
f(x;y)  0 ) f(y;x) · ®(y;x);8x;y 2 K: (3.1)
Remark 3.1. (i) If there exists a function ® : X ! Y with ®(tx) = k(t)®(x)
for all t > 0 and x 2 X, where k is function from (0;1) to (0;1) with
lim
t!0
k(t)
t
= 0, such that for every pair of points x;y 2 K, we have
f(x;y)  0 ) f(y;x) · ®(y ¡ x); (3.2)
then f is said to be weakly relaxed ®-pseudomonotone (see [9]).
(ii) If ® ´ 0 then from (3.1) it follows that
f(x;y)  0 ) f(y;x) · 0;8x;y 2 K, and f is said to be pseudomonotene.
(iii) If Y = R, and ®(tx) = k(t)®(x) for all t > 0 and x 2 X, where k is function
from (0;1) to (0;1) with lim
t!0
k(t)
t
= 0, then (3.2) reduces to that for any
x;y 2 K;
f(x;y) ¸ 0 ) f(y;x) · ®(y ¡ x); (3.3)
and f is said to be weakly relaxed ®-pseudomonotone (see [9]).
So from the above de¯nitions, it follows that pseudomonotonicity ) weakly
relaxed ®-pseudomonotonicity ) generalized relaxed ®-pseudomonotonicity. But
the converse implications are not true in general, which is shown by the following
examples. The Example 3.1 shows that weakly relaxed ®-pseudomonotone may
not be pseudomonotone, and The Example 3.2 shows that generalized relaxed ®-
pseudomonotone mapping neither pseudomonotone nor relaxed ®-pseudomonotone
mapping.
Example 3.1. [9] Let X = R, K = [1;10], Y = R2, C = R2
+, and
f(x;y) =
8
> > > > <
> > > > :
µ
x ¡ y ¡ 1
x ¡ y ¡ 1
¶
; x ¸ y;
µ
x + y ¡ 1
x + y ¡ 1
¶
; x < y.
Then f is weakly relaxed ®-pseudomonotone mapping with ®(x) =
µ
20x2
20x2
¶
; 8x 2
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Example 3.2. Let X = R, K is any nonempty closed convex subset of R, Y = R2,
C = R2
+, and
f(x;y) =
µ
(sinx ¡ siny)2
(sinx ¡ siny)2
¶
:
Then f is generalized relaxed ®-pseudomonotone mapping with
®(x;y) =
µ
2(sinx ¡ siny)2
2(sinx ¡ siny)2
¶
;8x;y 2 X:
But f is not pseudomonotone, in fact
f(x;y) =
µ
(sinx ¡ siny)2
(sinx ¡ siny)2
¶
 0; for x 6= y ) f(y;x) =
µ
(siny ¡ sinx)2
(siny ¡ sinx)2
¶

0; for x 6= y. Again, f is not weakly relaxed ®-pseudomonotone mapping as the
function ® is not a function of (y ¡ x).
Theorem 3.1. Let K be a nonempty closed convex subset of a re°exive Banach
space E and (Y;C) is an ordered Banach space induced by the pointed closed
convex cone C with intC 6= ;. Suppose f : K £ K ! Y be hemicontinuous in
the ¯rst argument and generalized relaxed ®-pseudomonotone. Let the following
condition hold:
(i) for ¯xed z 2 K, the mapping x 7! f(z;x) is C-convex.
Then x 2 K is a solution of (1.1) if and only if
f(y;x) · ®(y;x);8y 2 K: (3.4)
Proof. Assume that x is a solution of (VEP) (1.1), i.e., f(x;y)  0;8y 2 K.
Since f is generalized relaxed ®-pseudomonotone, we have f(y;x) · ®(y;x);8y 2
K; which proved (3.4).
Conversely, suppose there exists an x 2 K satisfying (3.4). Choose any point
y 2 K and consider xt = ty + (1 ¡ t)x;t 2 [0;1]: Therefore from (3.4), we have
f(xt;x) · ®(xt;x): (3.5)
Now condition (i) implies,
0 = f(xt;xt)) · tf(xt;y) + (1 ¡ t)f(xt;x)
) t[f(xt;x) ¡ f(xt;y)] · f(xt;x): (3.6)
From (3.5) and (3.6), we have
f(xt;x) ¡ f(xt;y) ·
®(xt;x)
t
;8y 2 K:
Since f is hemicontinuous in the ¯rst argument and taking t ! 0, we get
f(x;y) ¸ 0 ) f(x;y)  0;8y 2 K:
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Theorem 3.2. Let K be a nonempty closed bounded convex subset of a re°exive
Banach space E and (Y;C) is an ordered Banach space induced by the pointed
closed convex cone C with intC 6= ;. Suppose f : K £K ! Y be hemicontinuous
in the ¯rst argument and generalized relaxed ®-pseudomonotone. Let the following
conditions hold:
(i) for ¯xed z 2 K, the mapping x 7! f(z;x) is C-convex and completely con-
tinuous;
(ii) ® : X £ X ! Y is completely continuous in the second argument.
Then the (VEP) has a solution.
Proof. Consider the set valued mappings F : K ! 2X and G : K ! 2X such that
F(y) = fx 2 K : f(x;y)  0g, 8y 2 K;
and
G(y) = fx 2 K : f(y;x) · ®(y;x)g, 8y 2 K.
Now, x 2 K solves (VEP) if and only if x 2
\
y2K
F(y). Thus it su±ces to prove
\
y2K
F(y) 6= ;. First to show that F is a KKM mapping.
If possible let F is not a KKM mapping. Then there exists fx1;x2;:::;xmg ½ K
such that
cofx1;x2;:::;xmg *
m [
i=1
F(xi), that means there exists a x0 2 cofx1;x2;:::;xmg,
x0 =
m X
i=1
tixi where ti ¸ 0, i = 1;2;:::;m,
m X
i=1
ti = 1, but x0 = 2
m [
i=1
F(xi).
Hence, f(x0;xi) < 0; for i = 1;2;:::;m.
From (i), it follows that
0 = f(x0;x0) ·
m X
i=1
tif(x0;xi) < 0;
which is a contradiction. Hence F is KKM mapping.
From the generalized relaxed ®-pseudomonotonicity of f, it follows that F(y) ½
G(y); 8y 2 K. Therefore G is also a KKM mapping.
Since K is closed, bounded and convex, we know that K is weakly compact. From
the assumptions, we know that G(y) is weakly closed for all y 2 K. In fact,
since x 7! f(z;x) is C-convex and completely continuous, and ® is completely
continuous in the second argument. G(y) is weakly closed for all y 2 K and so
G(y) is weakly compact in K for all y 2 K. Hence, from Lemma 2.2 and Theorem
3.1 follows that \
y2K
F(y) =
\
y2K
G(y) 6= ;:
So there exists x 2 K such that f(x;y)  0;8y 2 K, i.e. (VEP) (1.1) has a
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Theorem 3.3. Let K be a nonempty closed unbounded convex subset of a re°ex-
ive Banach space E and (Y;C) is an ordered Banach space induced by the pointed
closed convex cone C with intC 6= ;. Suppose f : K £ K ! Y be hemicontin-
uous in the ¯rst argument and generalized relaxed ®-pseudomonotone. Let the
following conditions hold:
(i) for ¯xed z 2 K, the mapping x 7! f(z;x) is C-convex and completely con-
tinuous;
(ii) ® : X £ X ! Y is completely continuous in the second argument;
(iii) f is weakly coercive that is there exists x0 2 K such that
f(x;x0) < 0, whenever kxk ! +1 and x 2 K.
Then (VEP) has a solution.
Proof. For r > 0, assume Br = fy 2 K : kyk · rg.
Consider the problem: ¯nd xr 2 K \ Br such that
f(xr;y)  0; 8y 2 K \ Br: (3.7)
By Theorem 3.2, we know that problem (3.7) has solution xr 2 K \ Br.
Choose kx0k < r with x0 as in condition (iii). Then x0 2 K \ Br and
f(xr;x0)  0: (3.8)
If kxrk = r for all r, we may choose r large enough so that by the assumption (iii)
imply that f(xr;x0) < 0, which contradicts (3.8).
Therefore, there exists r such that kxrk < r. For any y 2 K, we can choose
0 < t < 1 small enough such that xr + t(y ¡ xr) 2 K \ Br:
From (3.8), it follows that
0  f(xr;xr + t(y ¡ xr))
· tf(xr;y) + (1 ¡ t)f(xr;xr)
= tf(xr;y):
Hence, 0  f(xr;xr + t(y ¡ xr)) · tf(xr;y) (3.9)
From Lemma 2.1 and (3.9), it follows that
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4. CONCLUSIONS
In this work, the concept generalized relaxed ®-pseudomonotonicity has
been introduced for bi-functions. It has been shown that the generalized relaxed
®-pseudomonotonicity is a proper generalization of monotonicity and pseudomono-
tonicity. The existence of solutions of vector equilibrium problems have been stud-
ied with generalized relaxed ®-pseudomonotone mappings. The use of generalized
monotonicity and generalized convexity in the study of equilibrium problems and
variational inequality problems will orient the future study of the research.
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